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Shallow Reversed Trees + Threading

Complexity of … 
● Makeset
● Find
● Union

Give a technique to 
generate a sequence of ops. 
on n elements so that 
Union(x) takes Ө(n) time 
on average.





Shallow Reversed Trees + Threading + Wtd Union

During union, join the smaller tree to the root of the larger tree (not the other way).

Q: How to know “smaller” and “larger” ? 

Re-implement and derive complexity of MakeSet, Find, Union.

Lemma: The leader/root-pointer of any element changes at most log(n) times (during 
Union()). In fact, if all sets have at most s elements, leaders have changed at most log(s) 
times.



Lemma: t MakeSet & s WtdUnion takes O(t + s log s) time. (Assume t > s for simpli.)

How to prove that the total time for s wtd. unions is O(s log s). Prove each union is O(log s).

Claim: Represent the unions as a binary forest. In any tree of this forest,
#internal nodes = ?           # leaves = ?

Claim: Internal nodes => Union calls, leaf nodes => sets.

Claim: Largest size of a set is s+1.

(simpler analysis) Claim: s unions involve O(s) element. Thus, largest size after any union is 
O(s).

Claim: Time for each union is O(log (s)).



Reverse-trees + Union-by-depth : 

Makeset             Find                Union

Shallow-trees + Union-by-Weight :

Makeset             Find    Union



Connected Component Labelling
Input : Undirected graph G = (V,E),

    S = {(u1,v1), (u2,v2), …  (uq,vq)}

Output : For each (ui,vi), whether ui, vi 
are in same connected component?

def CCBatch(G,S):

Complexity: # MakeSet,   Find,    Merge


